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An A l t e r n a t i v e  Der iva t ion  of t he  For~nulas  f o r  
t h e  Smooth Approximat i on  
Ke i th  R. Synon, Wayne Ui l ivers i ty ,  August 10, 1954 
The smootl~ approximation forrnulas a r e  de r ived  ti1 a  s i n p l e r  
form, and a s  t h e  f i rs t  of a  sequence of succes s ive  approximations.  
For-nulas a r e  a l s o  worked ou t  f o r  t h e  two dimensional  case .  
1. The One-Dirflensional Case 
Let  t h e  a l t e r n a t i n g - g r a d i e n t  equa t ions  of motion i n  one 
di:nension be w r i t t e n  i n  t h e  form 
P 
X I  = P  , 
where p r fnes  denote d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  s ,  and 
f ( x , s )  i s  p e r i o d i c  i n  s  w i th  pe r iod  S. It w i l l  be shown i n  
Appendix A t h a t  i f  we assuicne t h e  t r u t h  of Powel l l s  c o n j e c t u r e ,  
t h a t  under t h e  t r ans fo r :na t ion  
X ( S )  -+ X ( S  + S) 
( 2 )  
P ( s ) +  P ( S  + S) 
t h e  s t a b l e  p a r t  of t he  x,p-plane i s  covered by a  f a n i l y  01' closod 
invar iant ,  curves ,  then t h e  s o l u t i o n  of Zqs. (1) can be w r i t t e n  
i n  t h e  form 
where X,P s a t i s f y  t'ne equa t ions  
where H(X,P) i s  independeat  of  s ,  and where , 7 a r e  p e r i o d i c  
f u n c t i o n s  of s  w i t h  p e r i o d  S ( f o r  f i x e d  X,P) which van ish  a t  an 
a r b i t r a r y  r e f e r e n c e  p o i n t  i n  t h e  s ec to r .  We w i l l  c a l l  X,P t h e  
smooth motion, and f , t h e  r i p p l e .  
Le t  us  s u b s t i t u t e  Eqs. ( 3 )  i n  Gqs. (1): 
If P,X a r e  h e l d  f i x e d  ( X f , P I  ape t h e n  a l s o  f i x e d  by Eqs. (411, 
a l l  terms i n  Eqs. (5 )  a r e  p e r i o d i c  i n  s. Le t  u s  averalze tllese 
equa t ions  over a  s e c t o r  l e n g t h  S. We denote  such. an averace  b y  
a  bar .  Then, s i n c e  the  d e r i v a t i v o  of a  p e r i o d i c  f u n c t i o n  h a s  
zero lilean va lue ,  we o b t a i n  
We s u b t r a c t  t he se  equa t ions  froin Eqs. ( 5 )  , and d  enote  t he  
p e r i o d i c  p a r t  of a  p e r i o d i c  f u n c t i o n  b;, a  double bar ,  t h a t  i s ,  
f o r  example, 
- 
We then  o b t a i n  
Eqs. ( 6 )  can be so lved  f o r  X I ,  P I :  
Equations ( 8 )  a r e  s u b j e c t  t o  t h e  i i ~ i t i a l  c o n d l t i o a  t h a t  
, ? 
vanish a t  t h e  r e f e r e n c e  p o i n t  i n  t h e  s e c t o r .  
We w i l l  s o lve  t h e s e  equa t ions  by succes s ive  appr>oximations 
based 011 t h e  assumption t h a t  P s ?  , X f  and P I  a r e  s a a l l .  If 
we ne i l ec t t e r rns  i n  XI, p.1 i n  Eqs. ( 8 )  and n e g l e c t  
- f 9 1  in
compar.ison w i t h  X , P ,  we o b t a i n  i n  zero  o rde r  approximation:  
- 
If we t a k e  s = 0 a t  t h e  r e f e r e m e  p o i n t ,  Lqs. ( 1 0 )  ca.1 be 
solved:  p -.... L 2. - 
1. = j $ c x ,  U 
We s u b s t i t u t e  t h e s e  exp res s ions  i n  t h e  i-leglected terrns i n  
Eqs. ( 8 )  and ( 9 ) ,  and o b t a i n  i n  f i r s t  approximat ion 
Equations (14) a r e  n o t  i n  Hani l ton ian  f o r n ,  s ince  
-r'- > 
We can b r i n t  Eqs. (14) i n t o  flarniltoaian fo~v~n, howevei-, by ah din^ 
a  ter.,n t o  t h e  seconh equa t ion  which i s  02 the  o r d e r  of t h e  terms 
w;!ich have been neg lec ted :  
Tho H a q i l t o l i a n  i s  t h e n  
Zquations (16 )  have s t i l l  t h e  d i sadvantage  t h a t  t h e  b e t a t r o n  
per iod  w i l l  depend on t h e  choice  of re l 'e rence p o i n t  tnrough t h e  
/ 
term (1 + f ). Thi s  i s  presunably a  symptom of t h e  inaccuracy  
0 X 
i n  t h e  approxina t ion  when t h e  r i p p l e  i s  l a r g e .  We w i l l  assume 
t h e  r e f e r e n c e  po in t  i s  so chosen t h a t  
With t h e  s i q p l i i ' i c a t i o n ,  Zqs. (16 )  call be combined t o  c i v e  t h e  
fo l lowing  equa t ion  i o r  X: 
+ 
This equa t ion  a g r e e s  lfitll t h e  approximation equa t ion  obta i - led i n  
2. The Two-Dimensional Case 
The equa t ions  of no t ion  i n  two d inens ions  have t h e  form 
We s u b s t i t u t e  
- 
and proceed i n  p r e c i s e  analogy wi th  t h e  developiflent i n  Sec t ion  1. 
The theorem o f  Appendix A does no t  a p p l y  t o  t h e  two-dimeizsional 
case ,  bu t  i t  t u r n s  o u t  t h a t  t o  a f i r s t  a7proxi:nation the  
s u b s t i t u t i o n  (21)  tail be !,lade t o  f i t  Eqs. ( 2 0 ) .  The r e s u l t i n g  
equa t ions  correspondinc. t o  ( 1 9 )  a r e  
where 
-7- 
The c o n s t a n t s  of i n t e g r a t i o n  i n  Zqs. ( 2 3 )  a r e  t o  be  so chosen 
t h a t  & , a r e  p e r i o d i c  f u n c t i o n s  w i t h  zero mean value.  It 
fo l lows  t h a t  on ly  t h e  p e r i o d i c  p a r t s  of t h e  f u n c t i o n s  f and h need 
be used i n  computing t h e  second anti t h i r d  terms i n  Eqs. ( 2 2 ) .  
We cons ide r  now t h e  two-dimensional equa t ions  i n  the  form 
where g ( s )  i s  a  u n i t  square  wave. 
Me have t aken  r and. h  w i t h  ze ro  mean v a l u e s  ( d i a ~ o n a l  of n e c k t i e ) ,  
bu t  t h e  r e s u l t i n g  equat , ions ape e a s i l y  modified f o r  t h e  o f f  
d i agona l  case,  simply by adding t h e  mean va lues  of f and h t o  
t h e  smoothed f o r c e s .  
1Je c a l c u l a t e  P .  
where,,& ( s )  i s  a p e r i o d i c  f u n c t i o n  wi th  pe r iod  &S def ined  by 
.!?Je have now t o  c a l c u l a t e  
The smooth equa t ions  o i  raotion a r e  then  
Inhomogeneit ies,  bumps, d i sp l aced  s e c t o r s ,  e t c . ,  can be 
treai;ed i n  e i t h e r  o f  two ways. The smooth equa t ions  (22 )  may be 
w r i t t e n  down f o r  t h e  d i s t o r t e d  aec to r  (as i f  i t  were p e r i o d i c )  
and used t o  c a r r y  t h e  smooth s o l u t i o n  t h r o u ~ h  this s e c t o r .  
A l t e r n a t i v e l y ,  t h e  d i f f e r e n c e  between f (X,Y,s)  f o r  t h e  d i s t o r t e d  
s e c t o r  and t h e  u n d i s t o r t e d  p e r i o d i c  f ( X , Y , s )  can be included 




Appendix A. Proof of t h e  d x i s t e n c e  of Smooth Equations oL" Hotion 
We w i l l  assurne t h e  t r u t l l  of  t h e  c o n j e c t u r e  of J. L. ?owell,  
based on namer ica l  so lu t io i l s  ca r r i ed .  ou t  on t h e  I l l i a c ,  t h a t  
every po in t  i n  t h e  s t a b l e  r eg ion  of tine phase p lane  l i e s  on an 
i n v a r i a n t  curve which i s  t ransformed i n t o  i t s e l f  under t h e  
t r ans fo rma t ion  ( 2 )  genera ted  by Bqs. (1). It fo l lows  t h a t  t h e r e  
i s  a  consta i l t  of  t h e  .notion d ( x , p , s )  r,~iil.ch i s  p e r i o d i c  i n  s  w i t h  
t h e  s e c t o r  p e r i o d  S, such t h a t  t h e  i n v a r i a n t  curves  a r e  z iven  by 
We now choose any r e f e r e n c e  p o i n t ,  say  s = 0, i n  t he  s e c t o r ,  
and wc d e f i n e  t h e  ?unct ion do ( X , P )  of  t h e  "smooth v a r i a b l e s "  
X,P by t h e  equat ion 
F'ollowing a  sugges t ion  of Powell,  l e t  i - I ( d ,  ) be a  f u n c t i o n  of 
do t o  be s p e c i f i e d  l a t e r ,  and cons ide r  t h e  equa t ions  
-10- 
These equat ions  d e f i n e  a  motion X ( s ) ,  P ( s )  f o r  which H, and 
hence a l s o  &., , i s  a cons t an t  of t h e  <lotion:  
Zquation (34) d e f i n e s  t he  o r b i t s  of  X,P. 
Comparing Eqs. ( 3 0 ) ,  ( 3 2 ) ,  and (34),  we see  t h a t  t h e  o r b i t s  
f o r  t h e  smooth n o t i o n  X ( s b ? ( s )  a r e  t h e  saxe a s  t h e  i n v a r i a n t  
curves  (30 )  a t  t h e  r e f e r e n c e  p o i n t  i n  each s e c t o r .  
We now show t h a t  i f  H( d,) i s  p r o p e r l y  chosen, the  p o i n t  
X,? t r a c e s  o u t  t11e i l l va r i an t  cllrve a t  such a  r a t e  t h a t  a t  
t h e  r e f e r e n c e  p o i n t s  s  = nS i t  co inc ides  wi th  t h e  phase x ,p  of 
t h e  a c t u a l  lilotion. We f i r a t  n o t e  t h a t  changes i n  t h e  f a c t o r  
I, ( do ) i n  Eqs. (33) correspond t o  changes i n  t he  t lme s c a l e  
with which t h e  o r b i t  i s  t r ave r sed .  Consider now m y  p a r t i c u l a r  
value  of &,  and assu;ne t h a t  t h e  i n v a r i a n t  curve C f o r  t h i s  
value of oL i s  a  simply connected c lo sed  curve (F ig .  1). 
Let C 1  be a nearby 
i n v a r i a n t  curve. Take 
tiny p o i n t  JL, ,Po of C aild 
/' 
i ,, .,-- - .  i 
i f connect  it by a  s h o r t  l i n e  
I :  ! 
-. ; 
- ,  '-- I Lo t o  t h e  curve C 1  . Let 
II i!C . . ' t h e  l i n e  Lo move according . ' .  1 / ' A  A / 
F,.l'l. .:' 
-- ,I.. 1~ t o  Eqs. (1) dur ing  t h e  
'. --. .. I' ,' 
'QI. ." . ...... ~ p e r i o d  
'--- 
-.______ .. .--_ A t  s  = S the  curves  
C , C  I w i l l  r e t u r n  t o  t h e i r  
o r i g i n a l  p o s i t i o n s  and 
t h e  l i n e  Lo w i l l  have transl'or-ned i n t o  a  l i n e  L1 c o m e c t i n g  t h e  
t ransform xl, pl of xo,  po w i t h  C ' .  Le t  t h e  t o t a l  a r e a  between 
t h e  curves  C , C '  be A ,  and l e t  t h e  p o r t i o n  of A between t h e  
l i n e s  Lo, L1 be AA. (The ambiguity a s  t o  which of t h e  two 
p a r t s  of  A i s  between Lo and L1 i s  t o  u e  s e t t l e d  i n  any c o n s i s t e n t  
and cont inuous way,) Ye then  d e f i n e  t h e  b e t a t r o n  wavelength 
on C a s  fo l lows:  
By L i o u v i l l e ~ s  theorem, t h e  a r e a s  A A swept ou t  by Lo on 
success ive  t r ans fo r .na t ions  through a  s e c t o r  a r e  a l l  equal .  If 
f o r  soTve i n t e g e r s  n, N ,  nS I N?' and i f  C c  i s  s u f f i c i e n t l y  c l o s e  
- 
t o  C ,  then  a f t e r  n  s e c t o r s ,  t h e  l i n e  Lo w i l l  have swept out  a  
t o t a l  a r e a  n  Q A = NA, and t h e  f l n a l  t r a n s f o r -  Ln w i l l  n e a r . 1 ~  
co inc ide  w i t h  Lo, so t h a t  xn,pn n e a r l y  c o i n c i d e s  w i t h  xopo, By 
c o n t i n u i t y ,  i f  xopo i s  moved around the  curve,  the same  air of 
i n t e g e r s  n,N w i l l  g ive  nS = IT r ,  and hence t h e  d e f x n i t i o n  ( 3 5 )  
of 7 i s  independent of  t h e  s t a r t i n g  p o i n t  xo,po on C. 
Me now choose H o L ( o L , )  f o r  t h e  va lue  oL,= d. corresponding 
t o  t h e  curve C so  t h a t  t h e  p e r i o d  of t'ne smooth motion of X,P 
around C according t o  Lqs. ( 3 3 )  i s  7 .  (The s i g n  of 
i s  chosen so  t h a t  t h e  smootll n o t i o n  t r a c e s  t h e  boundary of t h e  
shaded r e g i o n  A A i n  Zig. I) This  deterinines t h e  f u n c t i o n  
H( do ) t o  w i t h i n  a n  a r b i t r a r y  a d d i t i v e  cons tan t .  Sfow by l e t t i n g  
t h e  l i n e  Lo i n  Pig.  1 >aove accord ing  t o  t h e  smooth equa t ions  (33),  
- 
and us ing  t h e  f a c t  t h a t  t h e  snooth motion i s  a l s o  a r e a  p re se rv ing  
by (331, 1.ie cai? show t h a t  
where & A 1  i s  t h e  a r e a  between Lo and Li ,  L f  be in2  t h e  t ransform 
1 
of Lo dv.riing one s e c t o r  Por t ho  sii~ooth %notion. As C '  approaches 
C ,  A A ~ / A  A approaches 1, and Ll must t h e r e f o r e  co inc ide  w i t h  
1 
L1 a t  l e a s t  a t  t h e  p o i n t  x l , p 1  = Xi,P1. Th i s  shows t h a t  t h e  
smooth v a r i a b l e s  X , P  co inc ide  p e r i o d i c a l l g  w i th  t h e  a c t u a l  va r i ab l e s  
x ,p  a t  t h e  r e f e r e n c e  p o i n t  iAl each s e c t o r  ( i f  they  c o i n c i d e  
i ~ l i t i a l l y ) .  
The case  where t h e  i n v a r i a n t  curve i s  a o t  simply connected 
- 
can a l s o  b e  accoirnodated, i e  col1side-r a s  ail exa;n',le t h e  c a s e  
where t h e  i n v a r i a n t  curve C c o n s i s t s  of 'wo s e p a r a t e  c lo sed  curves  
which transform i n t o  one another  th rough  a  s e c t o r .  I n  tll: s  case,  
we t a k e  t h e  pe r iod  2 S  i n  which each p i ece  of S transforirns i n t o  
i t s e l f  and aroceed a s  i n  t h e  p reced ing  two paragraphs.  The 
r e s u l t  w i l l  be t h a t  t h e  p o i n t  X,P moving around one branch o f  C 
w i l l  coi-ncide a t  t h e  r ei'erence p o i n t  i n  every othel- s e c t o r  w i t h  
t h e  a c t u a l  phase : ,oint x,p. A t  t h e  refertellce poi11ts i n  t h e  
a l t e r r l a t e  s&c tops ,  the point; x , ~  w i l l  colncicie with a  p o i n t  X , P  
?lovi;l& around the  o t h e r  branch oi' C.  
We now d e f i n e  t h e  " r i p p l u  v a r i a b l e s t '  
-13- 
where x ( s ) ,  p ( s )  i s  a.ly p a r t i c u l a r  s o l u t i o n  o f  Jqs. ( 1 1 ,  and 
X ( s ) ,  P ( s )  i s  t h e  corresponding s o l u t i o n  of Eqs. (33) ,  i . e .  t h e  
s o l u t i o n  which a g r e e s  a t  t h e  r e l e r e n c e  p o i n t  i n  each s e c t o r .  
The r i p p l e  v a r i a b l e s  , 7 t h e n  van ish  a t  t h e  r e f e r e n c e  p o i n t s .  
lie d e f i n e  f? , 1 a s  f u n c t i o n s  o r  X,P, s i n  t h e  fo l lowing  way. 
For a  g iven  X,P,s, so lve  Eqs. (33) backward ( o r  forward)  t o  t h e  
nex t  p rev ious  re fe re r lce  po in t  so= nS, and l e t  Xo,Po be thk v a l u e s  
of X,P a t  s = so. Then, s t a r t i f i g  a t  s  = so  w i t h  xo,po = xo,Po, 
so lve  Zqs. (1) forward ( o r  backward) t o  s. The functions 
9 (X,P ,s ) ,  7 (X,P,s)  a r e  then  de f ined  by Zqs. ( 3 7 )  : 
It  i s  c l e a r  from t h e  p e r i o t l i c i t y  of Zqs. (1) (and ( 3 ) )  and t h e  
f a c t  t h a t  x,p and X , P  Egree a t  t i e  r e f e r e n c e  p o i n t s  t h a t  t h e  
e f u n c t i o n s  > , 7 a r e  p e r i o d i c  i n  s w i t h  p e r i o d  S, f o r  f i x e d  X,P. 
I n  t h e  ca se  where the  i n v a r i a n t  curve C i s  composed of 
two sepa ra t ed  c l o s e d  curves ,  t h e  r i p p l e  f u n c t i o n s  should be 
def ined  a s  above, bu t  t a k i n g  t h e  s e c t o r  l e n g t h  a s  2s. Two s e t s  
e of r i p p l e  f u n c t i o n s  3 , 7 a r e  then  bb ta ined ,  depending on 
whuther we, beg in ' t he  double sectors on odd o r  even nipl t iples  of S. 
The r i p p l e  f u n c t i o n s  a r e t h e n  p e r i o d i c  i n  n w i t h  p e r i o d  ,2S, .. 
vnnishi,lg a t  eve ry  o t h e r  rei'ereilce p o i n t ,  and, a t  t h e  a l t e r n a t e  
r e f e r e n c e  p o i n t s ,  takii?:. on va lues  wllich a r e  t he  d i P f e r e ~ ~ c e s  of
t h e  coo rd ina t e s  X,? of  the two smooth phase p o i n t s ,  t r a c i n ~  o u t  
P 
t h e  two p a r t s  o f  C i n  sync1zro:lis;n w i t h  t h e  a c t u a l  motion. Nore 
c o . ~ p l i c a t e d  connectedness oropelat ies of t h e  i n v a r i a n t  curves  C can 
be  t r e a t e d  s i ~ n i l a r l y .  
Corrigendum: 
The l a s t  sen tence  i n  Sec t ion  1 i s  i n c o r r e c t .  Equation ( 1 9 )  
ag rees  w i t h  t h e  formulas  o f  KRS(WRA)-1 o n l y  when f j x , s )  = 0 
(on  the  d i agona l ) .  Off the  d iagona l ,  t h e  forrnulas of  
.-. 
-- 
KRS(MJF~A)-~  a r e  s l i g h t l y  more a c c u r a t e  when f (x, s )<< f (x, a ) ,  but 
become inaccu ra t e  when f ( x , s )  i s  l a r g e  enough t o  produce 
o s c i l l a t i o n s  of p e r i o d  comparable w i t h  t h e  s e c t o r  l e n s t h .  The 
formulas of t h e  p r e s e n t  paper a r e  s impler  and o n l y  s l i @ t l y  
l e s s  a c c u r a t e  s l i g h t l y  o f f  t h e  d iagona l ,  and a r e  fur thermore 
- 
a c c u r a t e  f o r  f ( x , s )  > ) f ( x , s ) .  The d o t t e d  curve f o r  t h e  
p r e d i c t e d  edge of t h e  n e c k t i e  i n  Fig. 2 of KRS(?'IUi:A)-l, f o r  
e 
example, i s  d i s p l a c e d  about 2 t o  5% c l o s e r  t o  t h e  c o r r e c t  
curve i f  we use  t h e  formulas  of t h e  p r e s e n t  paper.  The 
formulas  given h e r e  g i v e  presumably a good approximation a s  
long a s  t h e  r i p p l e  i s  smal l  i n  comparison w i t h  t h e  smooth 
p a r t  of  t h e  motion. 
